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Abstract—Monte Carlo tree search (MCTS) algorithms have
been applied to various domains and achieved remarkable
success. However, it is relatively unclear what game properties enhance or degrade the performance of MCTS, while the
largeness of search space including pruning efficiency mainly
governs the performance of classical minimax search, assuming
a decent evaluation function is given. Existing research has
shown that the distribution of suboptimal moves and the nonuniformity of tree shape are more important than the largeness
of state space in discussing the performance of MCTS. Our
study showed that another property, bias in suboptimal moves,
is also important, and we present an enhancement to better
handle such situations. We focus on a game tree in which the
game-theoretical value is even, while suboptimal moves for a
player tend to contain more inferior moves than those for the
opponent. We conducted experiments on a standard incremental
tree model with various MCTS algorithms based on UCB1, KLUCB, or Thompson sampling. The results showed that the bias
in suboptimal moves degraded the performance of all algorithms
and that our enhancement alleviated the effect caused by this
property.
Keywords—Monte Carlo tree search, UCT, UCB1, KL-UCB,
dynamic komi

I.

I NTRODUCTION

Monte Carlo tree search (MCTS) algorithms [1] have
achieved remarkable success, especially in the game of Go [2].
MCTS algorithms have also been widely adopted in other
domains, including general game players [3], imperfect information games [4] and real-time games [5]. However, there
exist some domains where classical minimax search algorithms
guided by a decent evaluation function outperform MCTS
methods, e.g., in chess variants. Also, in some domains,
researchers suggest combining minimax search values with
MCTS [6]. Several studies have been done on synthetic
game trees in order to better understand what properties
in a domain govern the performance of MCTS algorithms.
Finnsson showed that the distribution of suboptimal moves is
a more important factor in MCTS than the largeness of state
space, which is a primary factor for classical minimax search
methods [3]. Ramanujan demonstrated that MCTS methods
work effectively in a tree having a uniform branching factor
and depth, and that the performance degrades when a tree has
many traps, each of which is a terminal node where its siblings
are not terminals [7]. Also, when an imperfect information
game is played by searching possible worlds as a perfect
information game, it is said that correlation, bias in leaf values,
and a disambiguation factor are important [8].
In this paper, we define another property called “bias in
suboptimal moves,” and we explain its importance in perfect-

information and deterministic games. We focus on a game tree
in which the game-theoretical value of the root is even, while
suboptimal moves for a player tend to contain more inferior
moves than those for the opponent. This means that a position
is fair with respect to the game-theoretical value, but somewhat
unfair with respect to the amount of penalty when a player
misses the optimal move. For example, if the king of a player
is threatened in a long checkmate sequence in chess or shogi,
the player will immediately lose when he or she missed the
correct move. Also, in games designed for a human vs. an AI
(artificial intelligence) player (e.g. [9]), a human player might
be given difficult positions, though it is not impossible to win.
In Go, a “semeai” position can have a similar property. In a
position shown in [10], the majority of playouts resulted in
wins for black by a large margin while the game-theoretical
value is almost even and a win for white by a narrow margin if
both players choose the optimal moves. Therefore, suboptimal
moves for white should contain more inferior moves than those
for black, in the position. It is also known that MCTS does
not adapt well to handicap games in Go [11].
We show that the existence of “bias in suboptimal moves”
seriously degrades the performance of MCTS algorithms. An
intuitive explanation for this is that the difficulty in identifying
the optimal move among suboptimal moves increases as the
winning probability observed through trials for any move of
the advantageous player increases. To solve this problem, we
present a simple enhancement that adjusts the threshold of
win/loss based on the frequency of the game scores of playouts.
We conducted experiments on a standard incremental tree
model with various MCTS algorithms based on KL-UCB [12]
or Thompson sampling [13], in addition to standard UCT,
which is based on UCB1 [14]. Incremental random trees
and their variants are standard models and are widely used
to evaluate the performance of game tree search algorithms,
including alpha beta search and MCTS [7], [14]–[17]. The
results showed that the property of bias in suboptimal moves
actually degrades the performance of all algorithms, and that
our enhancement alleviated the effect caused by the property.
This paper extends the authors’ earlier work [18] that focused
only on UCB1 and limited kinds of trees having the same
penalty for all suboptimal moves of each player. In this work,
the importance of the property as well as the effectiveness
of our enhancement are confirmed in standard models in
evaluations of game tree search algorithms with the popular
multi-armed bandit strategy in addition to UCB1.
II.

BACKGROUND AND R ELATED W ORK

This section briefly introduces Monte Carlo tree search
methods and enhancements, as well as synthetic models that

have been used in the evaluations of algorithms.
A. Monte Carlo Tree Search
Monte Carlo tree search (MCTS) [1] is a kind of best-first
algorithm that iteratively expands and evaluates a game tree
by using a random simulation (often referred to as a playout).
Iteration of MCTS consists of four steps: (1) selection, (2)
expansion, (3) simulation, and (4) backpropagation. First, in
the selection step, the algorithm descends from the root to a
leaf by recursively selecting the most urgent child at each node.
Several strategies in multi-armed bandit problems have been
employed to determine the urgency in this step. For example,
UCT [14] adopts UCB1 here. If the number of times the
leaf was visited reaches a threshold (usually two), the leaf
is expanded, and one of its children is randomly selected. In
the simulation step, the rest of the game is randomly played
starting at the position corresponding to the leaf. The game
typically consists of uniformly random moves. However, some
studies suggest that the incorporation of domain knowledge
improves the performance. Finally, the outcome of the game
(e.g., win, draw, or loss with respect to the player who is
to move next) is propagated from the leaf to the root in the
backpropagation step.
When given computational resources (e.g., time) run out,
the most visited child at the root is returned as the best move.
B. Multi-armed Bandit Problem and Strategies
The multi-armed bandit problem is a well-known problem
in which a player needs to repeatedly choose an action called
an arm. When arm i is pulled, the reward is stochastically
returned following the fixed but unknown distribution with
expectation µi . The goal of the player is to maximize the
summation of the rewards of n trials. Several strategies to solve
this problem have been presented. Although many of them do
not assume a specific distribution, here, we assume a Bernoulli
distribution in the rewards for simplicity of discussion. In
typical applications involving MCTS, pulling an arm means
to descend to the corresponding move in the selection step,
and a reward would be 1 for a win or 0 for a loss.
UCB1 [19] is the most popular strategy and it selects arm
i ∈ K having the highest upper confidence bound:
√
2 ln t
X i,Ti (t) +
,
(1)
Ti (t)
where K is the set of available arms, Ti (n) is the number of
times arm i was pulled up to now, X i,Ti (n) is the average
reward of arm i over Ti (n) trials. Variable t represents the
total number of trials so far in the original problem, but in
MCTS, it represents the number of times that the source node
of move i was visited. The left term is used for exploitation
to pull the best arm in observed trials, and the right term is
used for exploration to find a possible good arm that has been
tried relatively few times so far.
KL-UCB [12] selects arm i having the highest expected
estimation:
ln t + c ln(ln t)
,
max qi ∈ [0, 1] s.t. d(X i,Ti (t) , qi ) ≤
Ti (t)

(2)

where c is a constant and d(p, q) represents Kullback-Leibler
divergence between two Bernoulli distributions with expectation p and q; d(p, q) := p log pq + (1 − p) log 1−p
1−q . KL-UCB is
a relatively recent algorithm and has a better theoretical upper
bound than that of UCB1, with respect to regrets, which are
the accumulated penalties of selecting suboptimal arms. Also,
it was empirically shown that KL-UCB performs better than
UCB1 in numerical experiments [12].
Thompson sampling [20] is a kind of randomized algorithm that selects the arm with the highest sample drawn from
Beta distribution Be (αi + 1, βi + 1), where αi or βi is the
number of times that the reward of arm i is 1 or 0, respectively:
αi = X i,Ti (t) Ti (t), βi = (1 − X i,Ti (t) )Ti (t).

(3)

Therefore, the probability of an arm being selected becomes
higher when more wins are observed with the arm. This
strategy was proposed more than twenty years ago, but it was
theoretically analyzed only recently [13], [21].
We compared MCTS with UCB1, KL-UCB, and Thompson sampling in our experiments. Similar comparisons were
conducted in a simultaneous game of Tron [5]. However, we
discusse in this paper the first results of comparison with
deterministic combinatorial games.
C. Artificial Game Trees and Empirical Analysis of MCTS
The performance of MCTS, in addition to being theoretically analyzed, has been empirically evaluated through
experiments. An incremental random tree [15] is a synthetic
model of a game tree, and it provides a domain-dependent
and therefore preferable way to analyze the efficiency of game
tree search algorithms [15]–[17]. An incremental random tree
usually has a uniform branching factor and depth, where a
random value is assigned to each edge in the tree. The game
score at a terminal node is the summation of those values in
the path from the root to the terminal node. It is designed so
that sibling nodes tend to have similar scores. The game score
of each internal node is identified by integrating the scores of
descendant nodes via minimax search. A score that is positive,
negative, or zero respectively means win, loss, or draw for the
maximizing player.
Kocsis and Szepesvári showed that UCT performs better
than alpha-beta search in those trees [14]. Ramanujan showed
that the shape of a tree having a uniform branching factor is
important for MCTS, and that the performance is degraded
when a tree has many traps, each of which is a terminal node
where its siblings are not terminals [7]. Finnsson presented a
simplified tree model where a set of optimal and suboptimal
moves is identical in all nodes; i.e., randomness is removed
from edge values [3]. It was shown that the distribution
of suboptimal moves is more important in MCTS than the
largeness of state space, which is a primary factor in classical
minimax search methods. In this paper, two kinds of trees are
adopted to discuss the property of bias in suboptimal moves:
a random tree and a constant tree. The former tree is an
extension of a standard incremental random tree, and the latter
is an extension of Finnsson’s model.
In this paper, we assume that a discrete value is returned for
the reward in each playout, i.e., 1 for a win, 0 for a loss, or 0.5
for a draw. Alternatively, we can assign continuous values in a

Algorithm 1 Score Situational (simplified by the authors)
Require: score is the average score of all playouts
phase ← BoardOccupiedRatio +s
rate ← 1/(1 + exp (c · phase))
threshold ← threshold + rate ·score
return threshold
Algorithm 2 Value Situational (simplified by the authors)
Require: X is the observed winning rate.
if X < Xlo then
if threshold > 0 then
Ratchet ← threshold
end if
threshold ← threshold −1
else
if X > Xhi and threshold < Ratchet then
threshold ← threshold +1
end if
end if
return threshold
range [0, 1]. For some games, scores are available in addition
to wins or losses, e.g., the difference in the number of discs in
Othello, or area scoring in Go. Historically, many Go programs
adopted linearly transformed scores as rewards to distinguish
better wins and losses. However, the playing strength has
greatly improved by adopting discrete values, which give clear
differences between wins and losses. Nowadays, many Go
programs adopt this configuration, e.g., [22]. Further research
on the quality of wins has been proposed in the literature [23].
In this paper, we also assume that a multi-valued game score
is possible, and we convert a score to a win or loss when the
score is greater than or less than the threshold, respectively.
The threshold is usually zero but can be adjusted to any value.
It is known that MCTS is not very effective in handicap
games in Go where a player and the opponent are facing an
extreme advantage and disadvantage, respectively. Dynamic
komi [11] is an enhancement to alleviate the problem by
adjusting the threshold for converting a score into a win or
loss. In a published study [11], three variations of dynamic
komi were introduced: Linear Handicap, Score Situational, and
Value Situational. Because the first one uses domain-dependent
statistics, we briefly explain the second and third ones that
can be applied to our model. Score Situational, shown in
Algorithm 1, adjusts the threshold so that the average score
of playouts becomes zero, with parameters c and s. Although
BoardOccupiedRatio represents the progress of a game in Go,
we adopted the number of moves played for this value. Value
Situational, shown in Algorithm 2, adjusts the threshold so that
the winning rate of the root player X is in the range [Xlo , Xhi ].
To prevent fluctuation of the threshold, the variable Ratchet is
introduced, whose value is ∞ at the beginning.
III.

B IAS IN S UBOPTIMAL M OVES IN S YNTHETIC M ODEL

This section introduces several instances of synthetic models of game trees to represent the property of bias in suboptimal
moves, following the standard model of incremental game
trees [15]. We assume that a tree has a uniform branching
factor and depth where the depth is an even number. An integer
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Fig. 1. An example of our game tree model, where the branching factor
and depth are two. A rectangle and circle represent a node of the maximizing
player and that of the minimizing player, respectively. Each edge represents
a move and has a score, where the value of the optimal move is zero and
that of a suboptimal move depends on the model. For Constant(a, b) tree,
s1 = −a and s2 , s3 = b. For Random(p, q) tree, s1 ∼ U ([−p, −1]) and
s2 , s3 ∼ U ([2q , 2q + p − 1], where U (·) is uniform distribution.

value is assigned to each move (edge) in the tree, and that one
move corresponding to the optimal move has a value of zero,
and the remaining moves have negative (positive) scores in
each internal node of the maximizing (minimizing) player. The
game score at a terminal node is the summation of those values
in the path from the root to the terminal node. If the score
is greater than, less than, or equal to the threshold (usually
zero), it means a win, loss, or draw for the maximizing player,
respectively. Therefore, there exists exactly one optimal move
in each node, and the game result of the root is draw when
both players play optimally, as in [16]. Also, for simplicity,
we assume that the maximizing player moves first at the root
position.
We present the bias in three tree models: Constant, Constant’, and Random. For parameters 0 < a ≤ b, Constant(a, b)
represents an instance of constant trees where the value of
each suboptimal move of the maximizing (minimizing) player
is −a (b). Constant’(a, b) is a variation where the value of
each suboptimal move of the minimizing player is also a
except for the last move, which has the value b. The difference
between a and b represents the bias in suboptimal moves. In
special cases when a equals b, the bias vanishes, and trees are
equivalent to Finnsson’s model [3]. For parameters 0 < p and
0 ≤ q, Random(p, q) represents an instance of random trees
where the value of each suboptimal move of the maximizing
(minimizing) player has a uniformly random value within the
range [−p, −1] ([2q , 2q + p − 1]). Parameter q represents bias
in suboptimal moves. In the special cases when q equals 0, the
bias vanishes, and trees are equivalent to standard incremental
game tree [15]. Fig. 1 shows an example of a tree. As found in
later experiments and shown in Figs. 3(a) and 7(a), the bias in
these models drastically degrades the performance of MCTS
algorithms, with respect to the failure rate of identifying the
optimal move at the root.
IV.

M AXIMIZATION OF R EWARD D IFFERENCE

We present an enhancement of MCTS based on the maximization of the average difference in the rewards of the optimal
move and that of other moves. Let K be the set of legal moves
at a root, µ∗ the expected reward of the optimal move, and µi
that of any move i where i ∈ K. Then, we define the expected
difference in rewards between the optimal move and the runner
up:
∆ := µ∗ − max µi .
i∈K\{∗}

Intuitively, it is easier to identify the optimal move in positions
with a large positive ∆. For example, in UCB1, it is proven that
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Algorithm 3 Maximum Frequency method
Histogram[score] += 1
return arg maxt Histogram[t]
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Histogram of the game scores at terminal nodes of Constant’(1,13).

at all terminal nodes. We employed that in our experiments to
estimate the best cases of threshold adjustments. For models
Constant(a, b) and Constant’(a, b), ∆ with threshold t is
identified by the following simple equation [18]:
∑
∆(t) =
P [s] + 0.5P (t) + 0.5P (t + a),
(5)
t<s<t+a

the expected number of visits to suboptimal moves is bounded
by the following expression, which is inversely proportional
the square of ∆ [19]:
E[Ti (n)] ≤

π2
8 ln(n)
+1+
2
∆i
3

(4)

where ∆i := µ∗ − µi . We can expect a similar effect in tree
searches because of the similarities between the tree search of
depth one and multi-armed bandit problems.
A. Analysis of Constant Models in One-Ply Search

where s is an integer, 0.5 stands for the reward of draw, P [x] is
the probability that the game score of a playout starting at the
optimal move is x, and P (x) is either P [x] or zero if x is an
integral value or not, respectively. Note that P [x+a] represents
the probability of the score of a playout starting at a suboptimal
move because subtrees for the children of the root are equivalent except for the edge value from the parent. Therefore,
(the
(∑the definition ∆(t) = µ∗ −)µ =
∑ equation is derived) from
−
0.5P (t + a) , by
s>t P [s] + 0.5P (t) ∑
s>t P [s + a] +∑
using the equivalence
P
[s]
=
t<s≤t+a
t<s<t+a P [s] +
P (t + a).

By analyzing the Constant and Constant’ models assuming
one-ply search, we show the difficulty introduced by the bias
in suboptimal moves. When we fix the depth of a game tree
of MCTS to one and ignore the expansion step described
in Sect. II-A, MCTS is equivalent to a multi-armed bandit
problem at the root. As an intuitive example of the importance
of ∆, Fig. 2 shows the histogram of the game scores at all
terminal nodes in a game tree of Constant’(1,13), where the
branching factor and depth are four and eight, respectively. In
the figure, “all” includes all terminal nodes, while “optimal”
includes the terminal nodes in the subtree corresponding to the
optimal move at the root. In this configuration, the majority
of terminal nodes have a positive score, and therefore, they
are the win for the maximizing player with threshold zero that
is a default value, as shown by “default” in the figure. When
the bias in suboptimal moves increases, the win rate becomes
much more uneven. Because a terminal node that is reached
is uniformly random in each playout, the expected winning
rate for all moves is 0.875, which almost equals that of the
optimal move, 0.798. This means ∆ is 0.077, almost zero. If
the threshold is set around 4 to 8, as indicated by “min” in
the figure, the winning rate of both all moves and the optimal
move is 0.75, making ∆ zero. This small value of ∆ causes
the difficulty in identifying the optimal move by MCTS.

To increase ∆ in practical situations in game playing,
we present the Maximum Frequency method that sets the
threshold as the maximum observed frequency, as listed in
Algorithm 3. At each playout, the algorithm maintains the
frequency of each score in a histogram and returns the best
threshold based on it. The background is that the best threshold
t that maximizes ∆(t) is given by t = s − 0.5, where s yields
the maximum P [s], as shown in (5) when assuming one-ply
search and a = 1.1 Because we do not know the optimal move
∗ nor the expected reward of each move µi in a tree search,
we approximate P [s], which is the probability that a playout
starting at the optimal move will yield score s, by the observed
frequency of all playouts yielding score s. Because the number
of playouts for suboptimal moves is bounded (for example, by
ln(n) in UCB1 as shown in (4)), it is expected that the error
in this approximation becomes smaller when the number of
playouts increases. For random trees, we do not yet have a
similar analysis. Thus, we conducted numerical experiments to
evaluate the effectiveness of the Maximum Frequency method.
Note that the method does not have any effect in situations
where the score with the maximum frequency is zero.

However, when we set the threshold between 12 and 13
as indicated by “max” in the figure, then the winning rate
for the optimal move becomes 0.515, while that of all moves
is 0.234, where ∆ realizes its maximum value of 0.28. In
general, a good threshold can make ∆ large and contribute to
identifying the optimal move. Note that adjustments yielded by
dynamic komi are not suitable in this situation. For example,
because Score Situational tries to keep the average score zero,
the threshold would be around 10 to 11, which is the weighted
average of the red bars.

We also present an adjustment in the exploration term at
each time when the threshold is changed by the method. The
background is that, when the threshold changes, the winning
ratio with the new threshold may be very different from
that with the previous threshold. Let t the current time, tc
the last time the threshold was changed, t′ the elapsed time
from tc , i.e., t′ = t − tc , and Ti′ (t) the number of visits to
move i after tc , i.e., Ti′ (t) = Ti (t) − Ti (tc ). We use time t′
instead of t for the exploration terms of UCB1, KL-UCB, and
Thompson sampling, from (1), (2), and (3) to (6), (7), and (8),

Although it is not available for players, we can identify the
threshold that maximizes ∆ in each tree by using the scores

1 Note that Constant(a, b) is almost equivalent to Constant(1, b/a) except
for granularity of scores.

B. Maximum Frequency Threshold and Exploration Term

2 ln t′
,
Ti′ (t)

ln t′ + c ln(ln t′ )
max qi ∈ [0, 1] : d(X i,Ti (t) , qi ) ≤
,
Ti′ (t)
αi =

X i,Ti (t) Ti′ (t),

βi = (1 −

X i,Ti (t) )Ti′ (t).

(7)

0.6
0.4
0.2

(8)

When tc = 0, i.e., the threshold has not been changed,
the equations are equivalent to the original ones. Finally, to
stabilize behavior at the beginning of a search, the threshold
is frozen unless a certain number of playouts (e.g., ten for our
experiments) has been conducted with the same threshold.
V.

Constant(1,1)
Constant(1,3)
Constant(1,5)

0.8

(6)
Failure rate

X i,Ti (t) +

(a) UCT
1

E XPERIMENTS

In this section, we show through the results of experiments
in which the bias in suboptimal moves strongly degrades the
effectiveness of MCTS algorithms, and we explain how adjusting the threshold solves the problem. In this experiment, we
adopt not only UCB1 but also KL-UCB and Thompson sampling as the base algorithm in MCTS to examine the effect not
only in a specific case but in general. Moreover, we evaluated
various enhancements for the algorithms; “Score” or “Value”
means the Score Situational or Value Situational method
of dynamic komi, respectively, as described in Sect. II-C.
“MaxFrequency” means the Maximum Frequency method as
presented in Sect. IV-B. “Plain” stands for MCTS without any
adjustment, and “Static” uses a fixed threshold that maximizes
∆ defined in (5), calculated for each tree by using the scores
of all terminal positions that are not available for a player.
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Fig. 3. Comparison between (a) original UCT (Plain) and (b) UCT enhanced
by MaxFrequency, in Constant trees.
(a) MCTS with Thompson sampling
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(b) MCTS with Thompson sampling + MaxFrequency

Because a game tree governed by MCTS grows as the
number of playouts increases in the expansion step explained
in Sect. II-A, a leaf reaches a terminal state at some point.
For each terminal node, a game-theoretical value of the win,
loss, or draw is recognized by the algorithm. The threshold
is always set to zero for terminal nodes even when either

1

Constant(1,1)
Constant(1,3)
Constant(1,5)

0.8
Failure rate

We measured the effectiveness of each algorithm through
the failure rate, following previously reported experiments
[14]. The failure rate is the rate in which the algorithm
fails to choose the optimal move at the root. For each tree
instance, each algorithm, and each time t = 2n , whether the
algorithm fails or not is counted by whether the most visited
move in the root so far is the optimal one. By averaging
them over tree instances, we obtained the failure rate of each
algorithm at time t. Because of space limitations, we show
the results for trees where the branching factor is four and
the depth is eight. Similar results were observed in some
preliminary experiments with different tree sizes [18]. All
MCTS algorithms expand a leaf node when it visits the leaf
the second time. Parameters in dynamic komi methods were
adjusted in advance in order to minimize the failure rate at
time 625 in preliminary experiments. For Score, s and c were
respectively set to 0.2 and 24, where they gave the best results
when s was tested from 0 up to 1 in units of 0.1, and c was
tested from 0 up to 30 in units of 1. For Value, Xlo and Xhi
were set to 0.05 and 0.9, respectively.
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Fig. 4. Comparison between (a) MCTS with Thompson sampling (Plain)
and (b) that enhanced by MaxFrequency, in Constant trees.

the Maximum Frequency or dynamic komi methods is employed in order to help converge the game-theoretical values.
Also, game-theoretical values are backed up as in and-or tree
search [24]. When the game-theoretical values of some moves
are already identified, the winning (losing) move is always
chosen (ignored) at the selection step. The losing moves are
also ignored at the root when choosing the best move to count
the failure rate.
B. Constant Trees
For experiments with constant trees, the failure rate is
defined as the average over 1 000 runs with different random

(a) UCT

seeds. We measured how the performance is degraded by the
bias in suboptimal moves with trees Constant(a, b) and by
changing bias parameter b.
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(b) MCTS with KL-UCB
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(c) MCTS with Thompson sampling
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Fig. 5. Comparison of failure rates with or without enhancements, for tree
Constant(1,5).
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Fig. 4 plots the results of the same experiments when
MCTS adopted Thompson sampling. Similar to the results with
UCT, the performance of MCTS using Thompson sampling
degrades when a tree becomes more biased, and the MaxFrequency enhancement improves the convergence speed in biased
trees. The results of KL-UCB were similar to those observed
with UCT or with Thompson sampling, and were therefore
omitted due to space limitations.
To compare the failure rates of various enhancements,
we show the results with two kinds of constant trees:
Constant(1, 5) and Constant’(1, 13). Fig. 5(a) plots the failure rates of UCT with or without enhancements for tree
Constant(1, 5). While Plain maintains a high failure rate until
10 000 playouts, all enhancements effectively reduced the
failure rates earlier. We can see that MaxFrequency as well
as Static are most effective. Fig. 5(b) and 5(c) show the same

Fig. 6.

2 Note that the expected failure rate is 0.75 if moves are randomly chosen
with uniform probability.
3 The inefficiency of MaxFrequency in the unbiased situation can be
alleviated by making the threshold more stable. Also, even with the tradeoff, MaxFrequency can be an effective way to make an agent for a majority
voting system [25], [26]. It is because the diversity in agents improves the
playing strength [26].
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Fig. 3(a) plots the failure rates of UCT, which is MCTS
based on UCB1. In the figures in this section, the vertical axis
is the failure rate, and the horizontal axis is the number of
playouts. We observed that the failure rate was initially about
0.75.2 Then, it basically decreased, as the number of playouts
increased, and converged to zero when all terminal nodes were
expanded. However, we can see that the speed of convergence
heavily depends on the kind of tree. For Constant(1, 1) where
the tree is not biased, about 100 playouts are enough for convergence, while the failure rate is still high even with 10 000
playouts for tree Constant(1, 5). Note that Constant(1, 5) is in
an extremely difficult situation because the playout is almost
always a win for the maximizing player. With our configuration
of tree depth eight, tree Constant(1, 5) is the most extreme
case; when the minimizing player chooses suboptimal move of
value +5 even once, the maximizing player wins because there
is no chance for the maximizing player to choose a suboptimal
move of value −1 more than four times. Therefore, we can see
that the performance of UCT degrades with respect to the failure rate when a tree becomes more biased. Fig. 3(b) plots the
failure rates of UCT with MaxFrequency (the Maximum Frequency enhancement presented in Sect. IV-B). We can see that
MaxFrequency performed better than Plain in Constant(1, 3)
and in Constant(1, 5), and that the number of playouts needed
for the convergence was eight times smaller. However, Plain
performs slightly better in Constant(1, 1). Therefore, there is a
trade-off between the efficiency in the unbiased situation and
that in the biased situation.3 We used two-tailed Welch’s t-test
with significance level 0.05 and found that the differences in
failure rates are statistically significant in many points. For
example, the failure rates of MaxFrequency were significantly
lower in Constant(1, 3) and in Constant(1, 5), except for the
point when the number of playouts is less than 16 in both
cases and when 2 048 in Constant(1, 3).
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Failure rates of enhancements (UCT, Constant’(1,13))

experimental results for MCTS using KL-UCB or Thompson
sampling. The results were similar to those observed with
UCT, though the performance without enhancement was better
than that with UCT. Some fluctuations were observed before
convergence for Score in Fig. 5(a) and for Static in Fig. 5(b)
and 5(c). It is expected that the difference in the threshold (zero
for terminal nodes and non-zero values for other leaves) caused
the fluctuations. A similar comparison is shown in Fig. 6 for
tree Constant’(1, 13). While MaxFrequency and Static were
still effective here, Score and Value had higher failure rates
than that of Plain at almost all plot points. This is because
they tend to set the threshold where ∆ = 0, as depicted in

(a) UCT
1
0.8
Failure rate

200 times with different random seeds for each tree. Therefore,
the failure rate is the average over 40 000 runs, following the
experiments in the literature [14].
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(b) UCT + MaxFrequency
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Fig. 7. Comparison between (a) original UCT and (b) that enhanced by
MaxFrequency, in Random trees.
(a) MCTS with Thompson sampling
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To compare the failure rates of various enhancements, we
show the results with Random(4, 3) in Fig. 9. We can see that
MaxFrequency steadily improved the performance in random
trees, though the differences are not dramatic compared to
Constant(1, 5). Also, Value was effective here, while Score
sometimes had a higher failure rate than that of Plain.
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(b) MCTS with Thompson sampling + MaxFrequency
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Figs. 7 and 8 show how the bias in suboptimal moves
degrades the performance of UCT and MCTS with Thompson
sampling for various random trees Random(4, q), where q
represents the bias. Similar to the results in constant trees,
the speed of convergence heavily depends on the kind of tree,
especially when our enhancement is not employed, as shown
in Figs. 7(a) and 8(a). For Random(4, 0), where the tree is not
biased, about 1 000 playouts are sufficient for convergence,
whereas the failure rate is still high even with 10 000 playouts
for trees Random(4, 3), which have the maximum bias in
these experiments. As shown in Figs. 7(b) and 8(b), MaxFrequency performed better than Plain in Random(4, 2) and
Random(4, 3), while Plain performed better in Random(4, 0)
and Random(4, 1). Therefore, the trade-off observed in the
constant trees also existed in the random trees. The differences
in failure rates for UCT with or without our enhancement
were statistically significant for the points when the number of
playouts was in [16, 1024] for all trees. The differences were
not clear in the points when the failure rates almost converged
to zero. The results with MCTS with KL-UCB were almost
the same and were therefore omitted due to space limitations.
The results with MCTS with KL-UCB were almost the same
and were therefore omitted due to space limitations.
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Fig. 8. Comparison between (a) MCTS with Thompson sampling and (b)
that enhanced by MaxFrequency, in Random trees.

the histogram in Fig. 2. The failure rate of Plain rises before
convergence. This is because Plain needs to investigate the
suboptimal moves and understand that they are not winning
position, during the time the winning rate of the optimal move
is converging to a draw. Note that the empirical winning rate
of suboptimal moves tends to be promising when no threshold
adjustment is employed.

C ONCLUSION

This paper showed that the property, “bias in suboptimal
moves,” seriously degrades the performance of MCTS. This
property means that the impact of missing the optimal move
is much greater for one player than it is for the opponent.
However, the game result of a position is still draw if both
players play optimally. Therefore, it is a different situation
from that in handicap games. In experiments with two kinds of
synthetic models constant trees and incremental random trees,
the degradation was widely observed in MCTS algorithms.
The algorithms applied were UCT, which is based on UCB1,
as well as MCTS based on KL-UCB or Thompson sampling, where KL-UCB and Thompson sampling are algorithms
recently recognized to be effective in multi-armed bandit
problems. We also presented an enhancement, the Maximum
Frequency method, which alleviates the performance degradation by adjusting a threshold used in the conversion of
playout scores into wins or losses. The method is based on the
maximization of the difference between the expected reward of
the optimal move and that of others. We have shown through
our experiments that Maximum Frequency effectively solves
the problem both for constant trees and for random trees.
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